
If we set b = c = 0, A = AT , then (14) and (15) will be the same problem. Thus we can construct

another example as follows:

max 0

s.t. x1 − x2 + 2x3 = 0

−x1 + 2x2 + 3x3 = 0

2x1 + 3x2 + 3x3 = 0

x1, x2, x3 unrestricted.

(16)

Problem 4. If c̄j ≤ 0 for all j ∈ N, then the current feasible dictionary describes an optimal

solution. However, the converse is not true. We could have some c̄j > 0, j ∈ N but the current

solution is still optimal. Look at the following example:

x1 = 0 + x4 − x5

x2 = 2− x4 + x5

x3 = 3− 2x4 − 3x5

z = 6− x4 + x5

(17)

In this dictionary, c̄5 = 1 > 0, then we want to introduce x5 to enter basis. However, when we

do the ratio test, we will find that the minimum ratio is 0 (min{0/1, 3/3} = 0). That means we

cannot increase x5. So the current basic feasible solution is optimal.

4.23 from BHM a)

Dual problem is

min
∑m

i=1 biyi +
∑n

j=1 ujwj

s.t.
∑

i aijyi + wj ≥ cj ∀ j

yi unrestricted ∀ i, wj ≥ 0 ∀ j

(18)

b) The optimality conditions are
∑n

j=1 aijxj = bi ∀ i

xj ≤ uj ∀ j

xj ≥ 0 ∀ j





primal feasible

∑m
i=1 aijyi + wj ≥ cj ∀ j

wj ≥ 0 ∀ j,

yi unrestricted ∀ i,





dual feasible

(uj − xj)wj = 0 ∀ j

(cj − (wj +
∑

i aijyi))xj = 0 ∀ j

}
complementary slackness

(19)
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c) Define c̄j = cj −
∑

i aijyi. Then the optimality conditions in part b imply

wj ≥ c̄j ∀ j (1)

wj ≥ 0 ∀ i, (2)

(uj − xj)wj = 0 ∀ j (3)

(c̄j − wj)xj = 0 ∀ j (4)

(20)

If xj = 0 ⇒ xj < uj ⇒ (3) implies wj = 0 and (1) implies c̄j ≤ 0.

If xj = uj ⇒ xj > 0 ⇒ (4) implies wj = c̄j and (2) implies c̄j ≥ 0.

If 0 < xj < uj ⇒ (3) and (4) implies wj = 0 and c̄j = wj and so c̄j = 0.

4.24 from BHM a)

Dual of the original LP is

min
∑m

i=1 biyi +
∑q

i=1 widi

s.t.
∑m

i=1 yiaij +
∑q

i=1 wieij ≥ cj ∀j
yi ≥ 0, wi ≥ 0

(21)

The optimality conditions for the original LP are

(Cond 1)

∑n
j=1 aijxj ≤ bi i = 1, ..., m

∑n
j=1 eijxj ≤ di i = 1, ..., q

xj ≥ 0 ∀ j





primal feasible

∑m
i=1 yiaij +

∑q
i=1 wieij ≥ cj ∀j

yi ≥ 0, wi ≥ 0

}
dual feasible

(−∑n
j=1 aijxj + bi)yi = 0 i = 1, ..., m

(−∑n
j=1 eijxj + di)wi = 0 i = 1, ..., q

(−∑m
i=1 yiaij −

∑q
i=1 wieij + cj)xj = 0 ∀j





complementary slackness

(22)

Next consider the Lagrangean problem. Define c̄j = cj−
∑

i aijyi. The dual of the this problem

is

min
∑q

i=1 widi

s.t.
∑q

i=1 wieij ≥ c̄j ∀j
wi ≥ 0

(23)

The optimality conditions for the Lagrangean problem are
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(Cond 2)

∑n
j=1 eijxj ≤ di i = 1, ..., q

xj ≥ 0 ∀ j

}
primal feasible

∑q
i=1 wieij ≥ c̄j ∀j

wi ≥ 0

}
dual feasible

(−∑n
j=1 eijxj + di)wi = 0 i = 1, ..., q

(−∑q
i=1 wieij + c̄j)xj = 0 ∀j

}
complementary slackness

(24)

It is easy to see that if x∗j , yi, wi satisfy Cond 1, then they also satisfy Cond 2, which implies

that x∗j also solves the Lagrangean problem.

4.30 from BHM Firstly, let’s solve

min
yj≥0

f(x1, . . . , xn; y1, . . . , ym) (25)

and

max
xj≥0

f(x1, . . . , xn; y1, . . . , ym). (26)

We get

min
yj≥0

f(x1, . . . , xn; y1, . . . , ym) =

{ ∑n
j=1 cjxj , if −∑n

j=1 aijxj + bi ≥ 0,∀i,
−∞, otherwise,

(27)

and

max
xj≥0

f(x1, . . . , xn; y1, . . . , ym) =

{ ∑m
i=1 biyi, if cj −

∑m
i=1 aijyi ≤ 0,∀j

+∞, otherwise.
(28)

So

max
xj≥0

min
yj≥0

f(x1, . . . , xn; y1, . . . , ym) = min
yj≥0

max
xj≥0

f(x1, . . . , xn; y1, . . . , ym) (29)

implies that the following two problems have the same optimal objective function value:

max
∑n

j=1 cjxj

s.t. −∑n
j=1 aijxj + bi ≥ 0,∀i

xj ≥ 0,∀j,
(30)
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min
∑m

i=1 biyi

s.t. cj −
∑m

i=1 aijyi ≤ 0,∀j
yi ≥ 0,∀j.

(31)

However, note that (31) is just the dual problem to (30), so they have same optimal function

value just implies the strong duality property.
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