4.23 from BHM a)

Dual problem is
min Z?ll biyi + Z?:l UjWy
s.t. ZZ aijYi + W;j > Cj vV j (18)
y; unrestricted V ¢, w; >0V j
b) The optimality conditions are
Z?:l AijjT5 = bl Vi
zj<wuj Vj primal feasible
zj 20 Vj
Doy Gigyi Fwj > ¢ Y

: (19)
w; >0 Vj, dual feasible

y; unrestricted V 4,
(uj —zj)w; =0 Vj

( (w; 43" ) 0y } complementary slackness
¢ — \wjy i Qij¥i)) X5 = J


ieor
Pencil


c) Define ¢; = ¢; — Y, ai;y;. Then the optimality conditions in part b imply

w;>¢ Vi
wy > 0V i,
(uj —zj)w; =0V j
(€ —wj)z; =0 Vj
Ifzj =0=z; <uj = (3) implies wj = 0 and (1) implies ¢; < 0.
If 2; = uj = x; > 0 = (4) implies w; = ¢; and (2) implies ¢; > 0.
If 0 < a; < u; = (3) and (4) implies w; = 0 and & = w; and so & = 0.

4.24 from BHM a)
Dual of the original LP is

min o by + ot wid;
st D im Yiaij + Y wieig > ¢j Vi (21)
y; > 0,w; >0

The optimality conditions for the original LP are

n .
Zj:l Qi 5 < bi 1= 1, ey

diiepa <di i=1,..,q primal feasible
zj >0 V]
(Cond 1) D ity + Yo Wieis 2 ¢ V] } dual feasible (22)
Yi =2 0,w; >0
(— Z?:l aijr; +b)y;i =0 i=1,...,m
(=2 joiegaj+di)w; =0 i=1,...q complementary slackness

(= 22821 yiai; — 321y wieij + ¢j)z; =0 Vj

Next consider the Lagrangean problem. Define ¢; = ¢;—), a;jy;. The dual of the this problem

is
min Z;‘Izl widi
s.t. 2321 W;€;j > Cj Vj (23)
W; Z 0

The optimality conditions for the Lagrangean problem are



" oeixi <d; i=1,..,
2371 ety = 1 } primal feasible

xj 20 Vj
1 wiei; > ¢ Vi
(Cond 2) i1 Wikij 2 ¢ V] dual feasible
Wy Z 0

(— Z?:l € %; + di)wi =01:1=1,...,q
(=221 wieij +¢j)x; =0 V)

} complementary slackness

(24)

It is easy to see that if z7, y;, w; satisfy Cond 1, then they also satisfy Cond 2, which implies

that 27 also solves the Lagrangean problem.

4.30 from BHM Firstly, let’s solve

minf(ﬂfla---,xn;yh---,ym)
y; 20
and
max f(T1, .., TniYly- -y Ym)-
z;2>0
We get
n . n .
: ) _ Zj:l cjxj, if — Zj:l a;;xj + b > 0,Vi,
min f(z1, ..., T Y1y Ym) = :
y; 20 —00, otherwise,
and
m . m .
. o Zz‘:l biyi, if Cj — Zl‘zl a;jY; < 0,V
max f(z1,...,Zpi Y1, .-, Ym) = ‘
;20 400, otherwise.
So
maxmin f(x1,...,Tn;Y1,.-. = minmax f(x1,...,Tn;Y1,...
IBjZOijOf( ) » L3 Y1, 7ym) yjzoijOf( 5 s Ty Y1, ,ym)

implies that the following two problems have the same optimal objective function value:

max Y%, ¢jT;
s.t. — Z?:l Qi T5 + b, > 0,V1
zj > 0,Vj,

(25)

(26)

(27)

(29)

(30)



min Z;ﬂll b,-yi
st cj— Yoy aiy; <0,V (31)

However, note that (31) is just the dual problem to (30), so they have same optimal function

value just implies the strong duality property.





