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Abstract

In this paper we consider several constrained scheduling problems. We aescribe the first polynomial
approximation schemes for the problem of minimizing maximum completion time in a two-machine

flow shop with release dates, and for the problem of minimizing maximum

lateness for the single-

and parallel-machine problem with release dates. All of these algorithms are based upon the notion
of an outline, a set of information with which it is possible to compute, with relatively simple

procedures and in polynomial time,

an optimal or near-optimal solution to the problem instance

under consideration. Finally, we discuss two related precedence-constrained scheduling problems

and present new approximation results.

1 Introduction

In this paper we consider several constrained machine
scheduling problems, all of which are strongly N7P-hard,
and present the first polynomial approximation schemes
for them. All of these algorithms are based on the notion
of an outline, a set of information from which it is possi-
ble to compute, with relatively simple procedures and in
polynomial time, an optimal or near-optimal solution to
the problem instance under consideration. In the final
section we discuss two related precedence-constrained
scheduling problems and present new approximation re-
sults.

We begin by defining the models for the problems
under consideration. The first model consists of n jobs
and m identical machines that operate in parallel. Each
job j has a processing time p;, and must be processed
without interruption for time p; on any one of the m
machines. In addition, each job j has a release date rj,
when it becomes available for processing, and a delivery
time g;. Each job’s delivery begins immediately after
its processing has been completed, and all jobs may be
delivered simultaneously.

A schedule . for an instance of this problem con-
sists of a set of starting times oy, ...,0, with o; > rj,
j = 1,...,n, and an assignment of jobs to machines
so that each machine processes at most one job at a
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time. For a given schedule, we define Cj := 05 +p; +¢;
to be the completion time of job j, and the object of
the problem is to minimize, over all possible schedules,
Craz = max; Cj.

The problem as stated is equivalent to that with re-
lease dates and due dates, d;, rather than delivery times,
in which case the objective is to minimize the maximum
lateness, L; = oj + pj — dj, of any job j. When con-
sidering the performance of approximation algorithms,
the delivery-time model is preferable (see [7, 3]). Be-
cause of this equivalence, we shall denote the problem
as P|rj|Lmaz, using the notation of Graham et al. [2].
The special case of this problem in which there is a single
machine shall be denoted 1|rj|Lmaz-

The second model that we consider is a two-machine
flow shop. This problem consists of two machines, M1
and M2, and n jobs. Each job j must be processed first
on M1 for time a; and then on M2 for time b;. Each
job j has a release date r;, when it becomes available for
processing on M1. In this model, a schedule consists of
a set of M1-starting times o1,...,0,, and M 2-starting
times 71, ..., Tn, so that each job completes its process-
ing on M1 before it begins processing on M2, and each
machine may process at most one job at a time. The
completion time of job j (with respect to a given sched-
ule) is C; = 75 + by, and the object is to minimize,
over all schedules, Cpnqz := max; Cj. In the notation of
Graham et al., this problem is denoted F2|r;j|Cimas-

In the algorithms discussed below, we shall frequently
refer to “scheduling” a particular ordered list of jobs on
a particular machine. We use this term in the natural
sense, to mean processing the jobs on the machine with
as little idle time as possible, while keeping them in the



specified order.

Next we turn to the concepts of approximation algo-
rithms and outlines, which we define with respect to a
minimization problem, II. For any instance I of II, we
denote an optimal solution of I by OPT(I) (or simply
OPT) and we denote the value of the optimal solution
by 2z*(I) (or simply z*). A (1 + ¢)-approzimation algo-
rithm for II is an algorithm guaranteed to deliver, for
any feasible instance I of II, a feasible solution to I with
value at most (1 + €)z*(I), in time polynomial in the
size of 1. (Note that ¢ is a fixed number, and thus the
running time may depend upon 1/e in any manner.) A
polynomial approzimation scheme for II is a family of
algorithms {A, : ¢ > 0} such that for each € > 0, A, is
a (1 + €)-approximation algorithm for II.

The algorithms that we present here essentially use
two building blocks. The first, a well-known technique,
consists of preprocessing the data to form an approxi-
mate version of the original problem that has a simpler
structure. Typically, such preprocessing steps consist of
rounding data in such a way that the optimal value of
the rounded problem is nearly equal to that of the orig-
inal problem. We believe that the extent to which this
technique is used in these results is unprecedented. The
second, more novel technique that we use is a (1 + ¢)-
optimal outline scheme.

Definition. An outline scheme for a problem II is a
labeling of feasible solutions such that, for each feasi-
ble solution z, the associated label, called an outline,
provides concise information about z.

For example, one outline scheme for a scheduling prob-
lem labels each job with its starting time in the sched-
ule. Of course, this outline is particularly useful because
with it we can reconstruct the original schedule, z. Most
outlines reveal only partial information about their cor-
responding schedule or schedules; even so, this partial
information might still be enough to construct a sched-
ule that is “close to”, or almost as good as, the outline’s
corresponding schedule or schedules.

Definition. For € > 0, a (1+ ¢€)-optimal outline scheme
for II is an outline scheme for IT and an algorithm A
with the following property: given any outline w for an
instance I, Algorithm A delivers a feasible solution to I
of value at most (1 + €) times the value of any feasible
solution of I that is labeled with w.

In particular, given an outline corresponding to an op-
timal solution to I, the algorithm delivers a solution of
value at most (1+¢)z*(I). Moreover, if for every instance
I of I, the number of distinct outlines associated with a
(14 ¢)-optimal outline scheme is polynomial in the size
of I (or if we can determine a polynomial-sized subset of
outlines that is guaranteed to contain one corresponding
to an optimal solution), then by running the algorithm
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on every outline for I, we obtain a (1+ ¢)-approximation
algorithm for II. We refer to a 1-optimal outline scheme
as simply an optimal outline scheme.

2 Two easy applications

In this section, we present polynomial approxima-
tion schemes for the two problems 1|rj|Lma, and
F2|rj|Crnaz. These problems share the property that, if
all jobs are released at the same time (or, equivalently,
if all ; = 0), then each problem may be solved to op-
timality in polynomial time. Furthermore, each has an
optimal outline scheme based upon an algorithm that is
a natural extension of the algorithm for the version with
equal release dates.

First, we perform a preprocessing step that will sim-
plify the algorithms that follow. Consider any of the
problems P|r;|Lmaz, 1|rj|Lmaz, or F2|r;|Cpaz, and let
® = max; r;. We will show that for each of these prob-
lems, we can restrict attention to the case where there
are only a constant number of distinct release dates.
Consider the following algorithm for the unrestricted
version. Round each release date down to the nearest
multiple of ®¢/2. Apply a (1 + ¢/2)-approximation al-
gorithm that can handle 1 + 2/¢ distinct release dates,
and then add ®¢/2 to the each job’s starting time in
the output. This yields a feasible schedule for the orig-
inal instance. It is easy to see that this is a (1 + ¢)-
approximation algorithm. Thus in the remainder of this
paper, without loss of generality we shall restrict our at-
tention to problems that have a fixed number of distinct
release dates.

2.1 ll’l’jILmax

The special case of this problem in which all r; = 0 is
solved optimally by the following algorithm, known as
Jackson’s rule [5]: Schedule the jobs without idle time
in order of non-increasing delivery times. Jackson’s rule
does not solve the more general version of the problem
with release dates; however, we can use it for the general
problem in the context of an optimal outline scheme. Let
us fix a specific instance I of 1|rj|{ L4z, and suppose that
the release dates r1,...,r, take on k distinct values,
which we denote by p; < -+ < pc. We set pey1 =
oo. In addition, we fix a specific feasible solution ¥
for I, consisting of job starting times o1,...,0,. If p; <
o; < pit1, then we call p; the effective release date (with
respect to X) of job j, and we denote it by ;. (Note that
7; > rj.) Of course, the effective release dates depend
upon the choice of £; we observe, however, that if each
job’s release date is replaced by its effective release date
7; for some fixed choice of X, then ¥ is feasible for I'.



Theorem 1

The set of effective release dates 7y,...,7,, with the al-
gorithm sketched below, is an optimal outline scheme
for 1|r;|Lyngg-

Sketch of Proof: For any instance I and feasible sched-
ule I, given the set of effective release dates for all jobs
it is possible to apply the following algorithm to obtain
a schedule no worse than .

1. Partition the jobs into sets S; := {j
i=1...,K

2. Order each set S; by non-increasing delivery time;

3. Schedule the jobs in S; (in order), followed by those
in Sy,..., followed by those in S;.

Let us refer to the schedule generated by the algorithm
above as ¥’. In both schedules £ and ¥’ all of the jobs
in S; are scheduled before all of those in Sit1, for every
t; thus, the first joll) in S; to be processed is begun at

time 1?}?%‘:'{” + Z( Z pj)}, independent of the order

I=h j
in which the jobs inngzzh of the sets S; is processed.
Thus the only difference between T and X’ is the order
in which each set S; is processed. Each subproblem, on a
set S5, is essentially an instance of the problem for which
all release dates are equal, (to p;), and thus Jackson’s
rule, invoked by X', provides the optimal ordering for
each subproblem. ||

P o= piky

Next we describe a (1 + ¢)-optimal outline scheme,
based upon the ideas in the optimal outline scheme pre-
sented above. As before, we fix a feasible schedule &
and define effective release dates 7; with respect to X.
Let § = ®e/2k, for & = 2 pi- We divide the jobs
into two sets, according to the length of their processing
times, A = {j : p; > 6} and B = {j : p;j < 6}. Define
Li={j € A:7% =p} Let H; := Yo T
pi and j € B), and let N; := [H;/6]6, for i = 1,...,K;
that is, N; is the approximate amount of time in the in-
terval [p;, piy1) that is spent processing the small jobs.

Theorem 2 The set {(I;,N;) : i = 1,...,&}, with the
algorithm outlined below, is a (1 + €)-optimal outline
scheme for 1{r;|Lpaz.

Sketch of Proof: First we describe the algorithm that
uses an outline to obtain a solution X’ guaranteed to
be almost as good as . For all i, starting with 1 = 1,
we construct a set of jobs J; C B as follows: among
all “available” jobs j € B (i.e, r; < p; and 7 not yet
assigned) we continue to assign a job with largest deliv-
ery time to J;, until the first time that Z~€Ji P > N;
(or until there are no more available small Jobs); then
we stop assigning jobs to J; and move on to Jiy;. (The
definition of N; ensures that every job in B gets assigned
to some set J;.) Now let S/ := I; |y J;, and construct a
schedule as in the optimal-outline case: that is, order
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each set S by non-increasing delivery time, and con-
catenate the ordered sets to obtain the ordering for the
schedule ¥'.

As before, define S; to be the set of jobs j with ef-
fective release dates equal to p;. Also, let 2(X) and
z(Z') denote the values of the schedules generated by
T and ¥, respectively. To see why this process yields
a (1 + ¢)-approximation to X, first we observe that, for
any 1, Zjeji pj — H; < 26. Thus each set S as a unit
begins its scheduling in £’ at most 26(i — 1) time units
later than S; begins in . Furthermore, because of the
greedy manner in which the sets J; are constructed, it
is possible to show that the delay just described is the
only error introduced, so that z(X') < z(T) + 26«
z(Z) + ®¢ < (1 + €)z(Z). Since the processing times of
the jobs in B are small, these jobs cannot individually
contribute large errors with respect to the position of
other jobs in the schedule, by being placed badly; thus
it is possible to obscure the individual identities of these
small jobs and group them greedily into packets of ap-
proximately the correct size, thereby incurring an error
only due to the size of the packets. J

For any instance, the number of distinct outlines is
equal to the number of ways in which jobs in A can
be assigned effective release dates, times the number of
ways to select the N;. By applying the (1 + €)-optimal
outline scheme to each of these constant number of out-
lines, we obtain a (1 + ¢)-approximation algorithm.

Theorem 3 The (1 + €)-optimal outline scheme de-
scribed above provides a polynomial approximation
scheme for 1|r;| L,z

2.2 F2[r;|Cras

The development of this section roughly parallels that
of the previous section. First, it is not hard to show
that, for any instance of F2|r;|Cpaz, there exists an
optimal solution for which the job ordering on machine
M1 is identical to the ordering on M2 [6]. Thus we will
restrict our attention to schedules of this form.

In the case in which all r; = 0, an algorithm due to
Johnson solves the problem optimally [6): first partition
the jobs into two sets, those with a; < b, and those
with a; > b;. Schedule the former set of jobs first, in
order of non-decreasing a;; then schedule the remaining
Jobs, in order of non-increasing b;. As in the previous
section, we use the notion of effective release dates to
obtain an optimal outline scheme.

Theorem 4 A set of effective release dates TlyeeesTh,
with an algorithm based on Johnson’s algorithm, is an
optimal outline scheme for F2|r;|Cpas.

The algorithm for this optimal outline scheme is virtu-
ally identical to the algorithm for 1|rj| Lmay, in Theorem



1, if one substitutes “Johnson’s algorithm” for “Jack-
son’s rule”; we omit the proof of Theorem 4.

Next we derive a (1+ ¢)-optimal outline scheme from
the optimal outline scheme just presented. We fix a
feasible schedule & and define effective release dates 7
with respect to X. Let § = ®¢/3k, with @ = 37_ a;.
Again we partition the jobs into two sets A and B, with
A={j:a; 26} and B = {j : a; < §}; and we define
Ig:{jEA:rj :p.'},H,'——‘E(pj :7; = p; and j € B),
and N; = [H; /616, fori=1,... k.

The same intuition underlies both problems 1|r; | Lnaz
and F2|rj|Cmaz. “Small” jobs (those in B), if defined
and scheduled properly, have little combinatorial impact
on the schedule; “large” jobs (those in A) can be tried
in every configuration, because there are not too many
of them. The only difference in the algorithm needed for
F2|r;|Cmaz is the greedy manner in which jobs j € B
are selected: here, the rule is that jobs with large pro-
cessing times on M2 relative to their processing times
on M1 should be scheduled early, in order to minimize
the amount of idle time that M2 experiences.
Theorem 5 The set {(L;,N;) : i = 1,...,k}, is the
basis of a (1+¢)-optimal outline scheme for F2|r;|Csz,
which in turn is the basis of a polynomial approximation
scheme for F2|r;|Cpaq.

3 Plrlema:c

In this section, we present a polynomial approxima-
tion scheme for P|r;|Lyas; this result is the common
generalization of Theorem 3 and a result of Hochbaum
and Shmoys [4], for P||Cpnaz. The development of this
scheme requires several layers of preprocessing by re-
peated rounding of the input data. Throughout this
discussion we assume that ¢ > 0 is an arbitrary con-
stant. Furthermore, we assume that an estimate 7 for
the optimal value, such that z* < # < 22*, is known
(e.g., see Section 4). At the core of the algorithm is a
greedy scheduling rule similar to that used for 1|r;|Lyas.
We view the preprocessing steps as successive transfor-
mations to problems with simpler structure. We have
already rounded release dates to obtain a fixed num-
ber of distinct ones; rounding delivery times is com-
pletely analogous to the release-date rounding, and thus
we shall assume that there is a fixed number & of distinct
delivery times, as well as « release dates, as we work to-
ward the (1 + €)-approximation algorithm. Next, let us
again partition the jobs into two sets according to pro-
cessing size, with A denoting the set of jobs requiring
large processing time (> 6) and B denoting the set of
small jobs. Given II and é > 0, consider the problem II’
derived from II as follows: for each job j with p; 26, pj
is an integer multiple of 6. Note that for any instance
I of I, an instance I’ of II' can be formed by setting
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p’j = |p;/(eb)]eb for j € A, and p'; = p; otherwise.

Lemma 1 A (1 + ¢)-approximation algorithm for II
yields a (1 + 3¢)-approximation algorithm for II'.

Since we know the estimate 7 for I, and since
max; pj < z* < %, by choosing § = €7/4k? we can
limit the number of distinct sizes of rounded jobs to
%/e6 = 4k?/e?, a fixed number. (This choice for § is
obtained by balancing the need for few types of jobs
without too great a loss of precision.) Thus we will fur-
ther assume that all jobs j with p; > & have processing
times that are multiples of ¢6. Then each job in A has
one of « distinct release dates, xk delivery times, and
4k%/€? processing times. Hence there is a fixed number
A = 4x*/€? of distinct job types for jobs in A; we label
the job types 1,... A.

Let us fix a particular machine, and a particular
schedule, ¥. For this machine, we define sets S;, with
respect to X, in a manner similar to the single-machine
case (recall that 7; is the effective release date of job 7,
with respect to £): S; = {j : ¥; = p; and j is assigned
to the fixed machine}. Let );5 be the number of jobs
Jj € ANS; of type h. Also, we let My = EjeS.nB(p.i :
g; = &), that is, My, is the amount of small-job-time
with effective release p; and delivery time £, in T on
machine h. We let vix = [Mir /8], Nix = vix6, and we
note that N — Mj < 6. Finally, we need the following
concept.

Definition A machine configuration is a pair
(/\,V), with A = (AII’A21)-~~'Aﬂ11“-)AIcA)) v =
(v11,112, ..., V1K, V21, - . -, Vs ), such that );p is the num-

ber of jobs j € A of type h with 7; = p;, and ;16 is an
overestimate of the small-job-time with delivery time &;
and effective release date p;, so that v = [M;/6].

This allows us to say that, for a given schedule, a partic-
ular machine has a certain configuration. We denote the
configurations as [ = 1,...,I". Now we may construct a
(1 + €)-optimal outline scheme for the problem.

Theorem 6 For any schedule, let z; be the number
of machines with configuration ! for that schedule, so
that ¢ = (1,...,zr) defines an outline for the sched-
ule. Then the set of these outlines over all schedules,
with the algorithm described below, is a (1 + ¢)-optimal
outline scheme for our restricted version of P|rj|Lmgs-

Sketch of Proof: Consider the following algorithm,
which uses the outline of ¥ as part of its input to pro-
duce a schedule X’. For each machine configuration a,
schedule z, machines as follows:

1. For each i, we select a set of A;, jobs from A of
job-type h, h = 1,... A, that have not yet been se-
lected; call this set I;. We further partition I; according
to the delivery time of each job: I; = U;_, Lix, and



Li={j€li:q =&}
2. Fori =1,...,cand k¥ = 1,...,k, we construct a
set of jobs Jj; as follows: among all “available” jobs of
B with delivery time £, we continue to assign a job
with largest release time to J;, until the first time that
2 e Pi 2 Nik (or until there are no more available
small jobs with delivery time {;); then we stop assigning
jobs to Jix and move on to the next set.
3. Now we schedule the sets in the following order:
Ly, Ja, Loy ey ooy Ligy Jisy Jon, Jo1y -y Ty Tk

To see that the algorithm works correctly, first we
must verify that every job gets assigned to some ma-
chine’s schedule. Clearly, every job in A gets assigned
to some set I;;, by the definition of the outline. The def-
inition of Nji, plus the fact that we select jobs for J;x
in order of non-increasing release time, guarantees that
every job in B gets assigned to some set J;;. Finally, we
need to show that for each machine, every job scheduled
in &' on that machine completes delivery no later than
(14 €)z(T). By similar reasoning to the single-machine
case, we can show that each block of jobs Ijx U Jyi is
delayed at most (i — 1)k(26) + (k — 1)(26) < 2x%6 with
respect to its counterpart in X; because of the structure
of the outline, these are the only delays incurred. Thus
2(B) < 2(D)+ 2626 = 2(T) + €e2/2< (1 4+ 6)2(T). 1

An optimal solution has the property that at most
#/6 = 42 /¢ jobs of A are scheduled on any one machine;
thus in testing outlines, we may restrict our attention to
those with A;, < 4k2/e, for all i and h. Similarly, the
number of distinct choices that we need to consider for
any value of Ny is /6 = 4% /¢. Since k and A are fixed
numbers, the number of relevant machine configurations
is fixed; call it 7. Then the number of choices of relevant
outlines ¢ = (;,...,z,), is m?, a polynomial in m.
Therefore by trying every relevant outline, and choosing
the best schedule generated overall, we have a (1 + ¢)-
approximation algorithm.

Theorem 7 The (1 + ¢)-optimal outline described

above provides a polynomial approximation scheme for
P |rj|Lma.t-

4 Precedence constraints

In precedence-constrained problems, there is a given
partial order <, where k < j has the interpretation that
Job j can not be processed (on a machine) until job
k has completed processing (but the delivery of job k
need not have been completed). For the models that we
have considered so far, the situation with the additional
imposition of precedence constraints is quite different.
Graham [1] gives a simple (2—1/m)-approximation algo-
rithm for the special case in which ¢; = 0 and r; =0 for
all j. However, in the intervening twenty-odd years, this
factor of 2 has remained one of the many unexplained
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“barriers” in the worst-case analysis of approximation
algorithms. In fact, even in the case where the number
of machines is fixed (e.g., m = 100), no polynomial-time
algorithm is known that has a performance guarantee
appreciably better.

We shall discuss two results relating to precedence
constrained versions of scheduling problems. For
Plrj,prec|Lmaz, we show that a natural extension of
Graham’s algorithm is a 2-approximation algorithm.
For 1|rj,prec|Lmaz, we show that there is a 4/3-
approximation algorithm. The second result is based
in part on an application of a technique of Lenstra
(8], which implies the following rule of thumb: for
any approximation algorithm that simply runs Jackson’s
rule on a collection of problems derived from the origi-
nal instance and chooses the best solution found, any
performance guarantee attainable without precedence
constraints can also be attained with precedence con-
straints.

4.1 Pjrj,prec|Lmez

Consider the following on-line list scheduling algorithm:
whenever a machine is idle, choose any available job to
start processing on that machine, where a job is avail-
able, if it has been released and all of its predecessors
(in the precedence relation) have finished processing; if
none are available, consider the next point in time when
a job becomes available, and continue scheduling then.

Theorem 8 The list scheduling procedure is a 2
approximation algorithm for P|r;, prec|Lmas-

Sketch of Proof: Call a job critical for a schedule if it is
one whose delivery is completed last. Consider a sched-
ule produced by the list scheduling algorithm, and let j;
denote a critical job. We will partition the time used by
this schedule into two sets of time intervals, and then
argue for each set that the total time in it is at most
z*(I). This yields the claimed bound.

Consider the latest idle time ¢; that precedes the start
of processing for j;. Since job j; is not scheduled in
this idle time, it is not available before ¢;, and so either
one of its predecessors has not been completed, or it
has not been released. In the former case, let j; be a
predecessor of j; that is processed (for some of its time)
after time ¢;. Now repeat this argument with job j,.
This process will stop when a job j; is found that is not
available before time t; because it has not been released
before x, and so we have constructed a chain C of jobs
Je < - < j2 <41

Partition the schedule’s time into two parts: (a) [0, 7]
plus the time that some j; € C is processed, as well
as the delivery time of j;; and (b) the remaining time.
Since all jobs in C must be processed after time ry, only



one job in C can be processed at a time, and the delivery
of job j; must follow the processing of all jobs in C, the
time in (a) is at most z*(I). However, it is not hard to
see that no machine is idle during the time in (b), and
so this time is also at most 2*(I). |

4.2 1|rj,prec|Lyg,

A natural extension of Jackson’s rule for handling re-
lease dates, due to Schrage, is to schedule the next avail-
able job with the longest delivery time, whenever the
machine becomes idle. Lenstra [8] adapts this proce-
dure to handle precedence constraints, by updating the
data as follows: until no further updates apply, if ¢ < j,
then (a) if r; < 7y, set r; := r;; and (b) if ¢; < ¢; + pj,
set ¢; := ¢; + p;. It is easy to verify that no feasible
schedule is lengthened by these modifications, and that
Schrage’s extension of Jackson’s rule delivers a sched-
ule that satisfies the precedence constraints. Theorem 8
applies to the case m = 1, and since the extended Jack-
son’s rule is a further specification of the list scheduling
algorithm, it must be a 2-approximation algorithm. In
fact, even in this special case, the analysis is tight.

Potts [12] gives a (3/2)-approximation algorithm for
the case without precedence constraints, based on the
following idea. Let j. be a critical job for the schedule
produced by the extended Jackson’s rule. Focus on the
latest idle time prior to j., and let the jobs scheduled
after then, and up through j., be called the critical se-
quence. If g;_ is the minimum delivery time for jobs in
the critical sequence, then the schedule is optimal. On
the other hand, suppose that this is not the case, and let
job js be the job with delivery time greater than j. that
is scheduled latest in the critical sequence. Since job jj
can be seen as interfering with this proof of optimality
of the heuristic schedule, we shall call it the interference
job.

It is natural to try to force jj to be scheduled after j.,
and this can be enforced by updating r;, := r;_. Potts’
algorithm simply runs Schrage’s algorithm for n itera-
tions with this update, or until there is no interference
job in the schedule generated; the best schedule gener-
ated is output. It is natural to view Potts’ algorithm as
augmenting the precedence relation among the jobs; if
the preprocessing technique of Lenstra is incorporated
for each iteration then we get a natural extension that
handles 1|r;, prec|Liaz-

Theorem 9 The extended Potts’ algorithm is a (3/2)-
approximation algorithm for 1{r;, prec|Lmacz-

We have obtained a (4/3)-approximation algorithm
for 1|r;, prec|Lmas by extending the approach of Potts.
The main difference is that we apply another technique
of Lenstra, Rinnooy Kan and Brucker [9] to Potts’ al-
gorithm, which is based on the following idea: if the
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release dates are replaced by the delivery times, and
vice versa, we obtain an equivalent problem, and yet
Schrage’s heuristic might well produce schedules of dif-
ferent lengths. Thus, the entire algorithm is run for both
the original and the “inverted” instances. By running
the essential algorithm this many times, it is possible
to piece together sufficient information about the opti-
mal schedule to obtain the tighter bound for ar iteration
that introduces an inconsistent constraint. Potts’ analy-
sis focuses on the existence of a job j with p; > 2*(I)/2,
whereas both our algorithm and analysis highlight jobs
potentially with p; > z*(I)/3. There are at most two
of these long jobs, i and j, and so the algorithm is run
twice, imposing each of 7 < j and j < 7.

Theorem 10 There exists a (4/3)-approximation algo-
rithm for 1|r;, prec|Lmq- based on repeated executions
of the extended Jackson rule.

The most natural extension of this result would
be to obtain a polynomial approximation scheme for
1|r;, prec|Limqr by focusing on the set of jobs with pro-
cessing time more than ez*(I), and trying to force them
not to be the interference job. However, there does not
seem to be “sufficient information” to obtain the tighter
bound when an inconsistent precedence constraint is in-
troduced.
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